We derive a trace formula for n A nn B nn . . . δ(E − E n ), where A nn is the diagonal matrix element of the operator A in the energy basis of a chaotic system. The result takes the form of a smooth term plus periodic-orbit corrections; each orbit is weighted by the usual Gutzwiller factor times A p B p . . ., where A p is the average of the classical observable A along the periodic orbit p. This structure for the orbit corrections was previously proposed by Main and Wunner on the basis of numerical evidence.
I. INTRODUCTION
In a recent paper [1] , Main and Wunner introduced the weighted density of states ρ (A,B,...) ≡ n A nn B nn . . . δ(E − E n ) .
Here A, B, . . . are operators with smooth classical limits (Weyl symbols), and A nn = n|A|n is the diagonal matrix element of A in the energy basis. This is a simple generalization of ρ (A) ≡ n A nn δ(E − E n ), which has been studied extensively [2, 3] . For chaotic systems, Main and Wunner proposed that 
where the sum is over all primitive periodic orbits p with energy E, and
is the average value of the Weyl symbol of A along the orbit; here T p is the period of the orbit, and X = (q, p) denotes both coordinates and momenta. Also,
T p e i(Sp/h−µpπ/2)r
is the Gutzwiller weight factor; S p , µ p , and M p are respectively the action, Maslov index, and monodromy matrix of the orbit. The first term on the right-hand side of Eq. (2) represents the part that remains smooth in the semiclassical limit; it should be O(h −f ), where f is the number of freedoms. However, Main and Wunner do not give an explicit formula for it.
If we set B = . . . = I in Eq. (1), and hence B p = . . . = 1 in Eq. (2), then we recover the trace formula for ρ (A) due to Eckhardt et al [2] . If we set A = I as well, we recover the original Gutzwiller trace formula for the density of states [4] . This is the essential motivation of Main and Wunner for Eq. (2). They provide strong numerical evidence in favor of it, but they do not give an analytic derivation.
In this paper, we remedy this situation by deriving Eq. (2) from a generalization of a trace formula due to Wilkinson [5] (see also [2] ). Furthermore we provide an explicit expression for the smooth term. Finally we suggest some possible directions for future work.
II. ANALYSIS
We first consider the case of two operators, A and B, and extend the results to an arbitrary number in Section III. Following Wilkinson [5] , we define
This object will be useful to us for the following reason. If we integrate S(E, ∆) over a small range of ∆ centered on ∆ = 0, the second delta function forces E n = E m , and we recover the right-hand side of Eq. (1). (We assume here that there are no degeneracies, as is expected for a desymmetrized chaotic system [6] .) To proceed, we write the delta functions in Eq. (5) as time integrals, leading to
where
The key point is that we can write F (t, t ′ ) as a single trace,
where U(t) = e −iHt/h is the time-evolution operator. To simplify our exposition, we temporarily make the (otherwise unnecessary) assumption that the Weyl symbols of A and B are functions of only the coordinates q and not the momenta p. We can then evaluate the trace by inserting two complete sets of position eigenstates, leading to
We now make use of the semiclassical approximation to get [2, 7] 
Here the sum is over all classical paths that go from q 1 at time zero to q 3 at time t ′ , q path (τ ) is the position reached at time τ along a particular path, and K path (q 3 , q 1 ; t ′ ) is the contribution of that path to the propagator q 3 |U(t ′ )|q 1 in the semiclassical limit. Following Gutzwiller [4] , Wilkinson [5] , and Eckhardt et al [2] , we now perform the integrals over d f q 1 in Eq. (9) and over dt ′ in Eq. (6) by stationary phase. We will then get a contribution from zero-length paths (for which t ′ = 0 at the point of stationary phase), and a sum over contributions from periodic orbits (for which t ′ = T p at the point of stationary phase). The result is
Here we have introduced the Weyl density of states
the energy-surface correlation function
and the orbit correlation function
We note that C p (t) is periodic in t with period T p , so we can write [5] 
We note in particular that Γ p0 = A p B p .
We still need to extract the ∆ dependence of S(E, ∆) more explicitly. To do so, we first define the microcanonical average of A(X) on a surface of constant energy E,
Next, we let A(X) = A 0 + A(X) and B(X) = B 0 + B(X). We then get C 0 (t) = A 0 B 0 + C 0 (t), where
Since the system is chaotic (and hence mixing), C 0 (t) → 0 as t → ±∞. Putting all of this together, Eq. (11) becomes
This result is a slight generalization of Wilkinson's [5] .
As we have already noted, we can get the right-hand side of Eq. (1) from the right-hand side of Eq. (5) by integrating ∆ over a narrow range, thus forcing E n = E m . The appropriate range for ∆ is of order 1/ρ 0 , the mean level spacing. We therefore integrate ∆ from −g/2ρ 0 to +g/2ρ 0 , where g is, at this stage, an arbitrary numerical constant. We get
In the second term on the right-hand side, we have approximated the result of the ∆ integral by introducing a cutoff on the t integral at the Heisenberg time τ H ≡ 2πhρ 0 . If C 0 (t) goes to zero faster than 1/|t| as t → ±∞, then this detail is unimportant. However, the dependence of the result on the arbitrary constant g is an issue to be resolved. In the third term, we have kept only the k = 0 mode, even though higher modes of orbits with T p > (2/g)τ H would appear to contribute as well. This is another issue to be resolved. These problems arise because the periodic-orbit sum does not converge. In practice, the energy delta-functions should be smeared out over a scale of 1/ρ 0 , the time integrals cut off at t = ±τ H , and the orbit sum restricted to orbits with T p < τ H [8] [9] [10] [11] . This restriction justifies our keeping only the k = 0 term in Eq. (20) . A more thorough and careful treatment of the whole problem should also determine the appropriate value of g.
Luckily, this is not necessary. We can get g by comparing Eq. (20) with earlier work on the fluctuations in the values of diagonal matrix elements [3, [12] [13] [14] [15] . For the special case A = B, Eq. (20) is consistent with these earlier results if and only if
where T stands for time reversal invariance. We therefore have established that Eq. (20) is correct as it stands, with g given by Eq. (21) . Recalling that Γ p0 = A p B p , we see that Eq. (20) 
III. EXTENSIONS
We now return to Eq. (1) and consider a string of diagonal matrix elements of N operators, A, B, . . . , Z. We can find a trace formula for Eq. (1) by starting from
We then make Fourier transforms with respect to suitable linear combinations of the t i 's to construct
Straightforward generalizations of Eqs. (9-11) and (13) (14) (15) (16) lead to a result analogous to Eq. (19), and integrating each ∆ i over a narrow range around zero gives us the desired trace formula for ρ (A,B,...) . The result is Eq. (2). The leading contribution to the smooth term is of the form ρ 0 A 0 . . . Z 0 . There are also subleading contributions that depend on various energy-surface correlation functions. For example, for N = 3 we have
Here C AB 0 (t) is given by Eq. (18), and
The constant g is again given by Eq. (21); this follows from requiring Eq. (25) to reproduce Eq. (22) when we set Z = I.
IV. FUTURE WORK
In their paper [1] , Main and Wunner also proposed an equation analogous to Eq. (2) for integrable systems that generalizes the Berry-Tabor trace formula [16] . We have not attempted to derive this version, but clearly it would be of interest to do so.
Another direction to consider is the relationship of the present results to Berry's conjecture that the energy eigenfunctions of a chaotic system can be treated as gaussian random variables [17] . An alternative method for computing ρ (A,B,...) is to average the right-hand side of Eq. (2) over an appropriate gaussian distribution for the eigenfunctions [17] [18] [19] [20] [21] , and over a Wigner-Dyson distribution for the eigenvalues. (The latter average simply yields a factor of ρ 0 .) For the case of two operators, the results of [15] imply that this procedure correctly reproduces the smooth terms, provided Berry's short-distance formula for the wave-function correlations is properly modified at long distances [21] . However, we find that the periodic orbit corrections are not correctly reproduced. This would appear to be due to the fact that the probability distribution for the eigenfunctions is not precisely gaussian [22] . However, using the results presented in this paper, it should be possible to deduce the corrections to a gaussian distribution; these corrections would be analogous to those that have been computed for disordered systems [23] [24] [25] . The result would represent an interesting unification of the trace-formula and the random-matrix approaches to quantum chaos theory.
